Abstract--We show that the observed oscillatory pattern in the growth dynamics of a multicellular tumor may be successfully simulated with a classical field limit nonlinear matter wave equation given by the mean-field Gross-Pitacvskii model. Constructing and scaling the many-body Hamiltonian we account for the overall physics of the cell aggregate (e.g., the kinetic pressure, the cell-cell interaction, and the external trapping of the cells) together with the noneonservative effect of mitosis and necrosis, and find a compelling agreement with the tumor culture data for the V79 cells both in qualitative and quantitative sense. Results, obtained through an scaling of the characteristic length V~h/mw (h = h/2r:, h = Planck's constant; m = mass; w = frequency) associated with the wave equation by the ratio of an effective cell size in tumor to the effective atom size in a condensate, demonstrate a scaling behavior for the tumor and reveal the role of underlying physical interactions, in particular the presence and influence of nonlinear cell-cell interactions, in the growth dynamics.
INTRODUCTION
Modeling of tumors has been the subject of numerous studies to understand their rich proliferation dynamics and immunological aspects. Culture studies, which simulate a prevascular carcinoma *Author to whom all correspondence should be addressed. Authors acknowledge the partial financial support from FAPESP. PKB acknowledges the financial support from FVE and thanks T. Frederieo, J.S.E. Germano, W. Ribeiro, N.S. Silva, A. Martin, J.C. Cogo, C.P. Soares, C. Chavantes, and Socrates for various stimulating discussions. Typeset by AMS-TEX have revealed that benign tumors are finite-sized and inhomogeneous assembly of cancer cells which appear in a bound spheroid form [1] [2] [3] . The three-dimensional tumor culture data [1] reveals some oscillatory pattern for the proliferating cell count consisting of an intricate feature of partial collapse and regrowth. Although the collapse may be attributed to the start of a necrotic process [1] , the followed spurt in the growth do not have any explanation from the existing mathematical models and biological information, since in an in-vitro growth the angiogenesis or vaseularization [4] is out of question. During an avascular growth or its in-vitro simulation, the diffusion of nutrition attenuates in the central region with the increasing size of the tumor. Consequently, the cells in this region looses proliferation speed and some enter a quiescent phase where they do not proliferate any more. With further increase in size and consequent less supply of nutrition, some of the quiescent cells enter a necrotic phase and the tumor develop a central necrotic core [1] . As the necrotic contribution increases, the avascular tumors enter a dormant phase striking a balance between the mitosis and necrosis rates. Experimentally, it has been found that before entering the dormant phase, the cell count shows a great deal of fluctuations [1] mentioned above but never addressed in any theoretical model. The present work is motivated upon reproducing this fluctuation with an effective account for the cell kinetics together with the nonconservative biological processes of mitosis and necrosis.
In previous theoretical modeling of tumors, the emphasis was given to the simulation of tumor morphology, immune response, and estimation of the effect of administered drugs [5] [6] [7] [8] [9] [10] [11] [12] [13] . The simplest tumor model uses ordinary first-order differential equation in an empirical form and simulate the number or volume growth by shooting various mitosis and necrosis rates and immunological reactions [5, 6] . Such models do not consider any of the physical interactions playing in the cell aggregate. The second type of studies employ spatio-temporal (diffusion-type) equations [7] [8] [9] which, in effect, include the cell mobility or the kinetic factor. The other type of studies uses cellular automation model [10] [11] [12] to simulate the tumor structure by minimizing the energy of the system with each additional cell to the aggregate. These calculations explicitly consider the cell-cell interactions, and show that the interactions play a crucial role in determining the dormant size (for benign case), the morphology and the growth dynamics of a tumor [10 12 ]. However, these works do not reproduce the oscillatory nature of the in-vitro proliferation dynamics leaving the speculation of the presence of a nonlinear interactions amongst the cells. As far as the nonlinear effect is concern, their effect has been elaborately studied in connection of immunological reactions in the growth profile of a tumor [13] . In this work, we shall study the effect of nonlinear cell-cell interaction in the growth profile of a tumor. Here, we shall bypass the immunological reactions as we will consider here the in-vitro growth as provided by Folkman and Hochberg for the V79 cells. In addition to the cell-cell interaction, we shall also consider the effect of external field of agar/water. Studies on macro-molecular biological systems like folded proteins, have revealed that besides the static intermolecular interactions, the presence of water or the hydration effect plays a crucial role in the three dimensional folding process of the protein [14] [15] [16] . Consequently, it could be expected that the growth dynamics of tumors might also be influenced by the external potential effected by the presence of water and the surrounding tissue (for the in-vivo case). The essence of these works [10] [11] [12] [13] [14] [15] [16] together lead to an understanding that the consideration of the full kinetics of the cells in the presence of an external field could prove essential in predicting the proliferation dynamics of an aggregate of cancerous cells. That is, the cell-cell interaction, the hydration effect (or the external field), and the kinetic motion of the cells should be considered in a generalized many-body framework. However, given the complexity involved in the description of a multicellular system and the complex proliferation dynamics, nevertheless it has been possible to account the full kinetics of the cells in the aggregate, neither the role of the cell kinetics has been established in literature.
To account the full kinetics of the cells in an aggregate, we propose [17] the application of a nonlinear many-body wave equation with an scaling to its characteristic length. We consider that at any instant of time the cells in the tumor state are bound by the Hamiltonian given by ~1 = kinetic energy + interaction energy + external potential.
(1)
When a cell proliferates thus increasing a number or a cell enters a nonproliferating/necrotic phase thus reducing a number, the tumor state changes by the action of a nonconservative Hamiltonian given by 7-~2 = Emitosis -Enecrosis/cell-death, (2) where in accordance with the Schroedinger wave mechanical formulation, we construct the total
Hamiltonian as T/= 7-ll + i~'~2, where i = ~ represents the imaginary part. In the following section, we actually develop such an Hamiltonian and the governing equation for a many body system. Then, we recast the equation in a nondimensional form suitable to treat as a classical equation for a complex filed with two real components and study the simulation of tumor through scaling of its characteristic length. Finally, we show the numerical results.
MANY-BODY NONLINEAR MATTER WAVE EQUATION AND ITS CLASSICAL LIMIT
In a second-quantized formulation, the Hamiltonian for a system of N interacting bosons, confined in an external potential, is given by [18] ,
where ~(r) and ~t(r) are the annihilating and creating boson field operators and V(r -r') is the two-body interaction potential. The field operator ~ satisfies the Heisenberg equation [18] ,
/ ]
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According to the Bogoliubov prescription [19] , when the population No of a single-particle state ~0 = ~ (v is the volume of the gas) is high enough, the states with No, and No ± 1 ~ No correspond to same physical configuration (the classical limit). In such case, the number operators can be treated as c-numbers and for a homogeneous system one can decompose the field operator as t~ (r, t) = ~ + t~' (r, t).
Here, ~(r, t) is considered as a perturbation. For a nonuniform and time-dependent configuration, the Bogotiubov prescription is generalized as t~ (r, t) = 4) (r, t) + ~' (r, t),
where 4)(r, t) is a classical field representing the expectation value, aS(r, t) = (~(r, t)}. Its modulus provides the gas density. The physics of a many-body atomic Bose-Einstein condensate (BEC) is found to be successfully described by a modified version of this Heisenberg equation (4) where is replaced by its classical value 4) together with a compatible mean-field approximation [18, 20] for the two-body interactions, V(r t -r) --gS(r ~ -r). The resulting equation, known as the Gross-Pitaevskii equation, is given by
Here, g, the coupling strength is given by g = 47rh21al/m; a is the s-wave scattering length. It is conjectured [21] that the limit l/No ~ 0 (for No --~ oe) simulates the classical path integral limit h --* 0 in the Feynman path integral formulation. Thus, in the large-N limit the GP equation is regarded as a classical field equation for nonlinear matter wave [21] . The time-evolution dynamics of an atomic condensate with feeding and recombination losses is described by the extended GP equation [22, 23] 
:
where
with F = Vext/hW. However, because of the reasons discussed above, the GP equation is more close to a classical field equation for nonlinear matter wave [21] . Below, we recast the GP equation in a dimensionless form suitable to treat as a classical equation for a complex field with two real components and study its application to multicellular tumor growth equating the two real fields with two distinct phases (mitosis and volume growth) of the tumor ceils.
LENGTH SCALING OF THE CLASSICAL FIELD MATTER WAVE EQUATION
From above, we see that the Hamiltonian explicitly depends upon the length scale given by v/-ff/mw -go. We want ~/1, with g0 is as a parameter, simulate the conservative part of the Hamiltonian comprising of the kinetic energy of the cells, the static cell-cell interaction, and the external field of water/tissue. For 7-/2, the first term leads to an exponential growth: ihO¢/Ot = ir~zV¢/2; while the second term leads to density (-1¢12) dependent decay in the bound state. In our study, we shall simulate the mitosis rate by 7 and the necrotic contribution by considering density dependence terms like -il¢l 4. According to scattering theory, such terms correspond to the formation of cell-dimer from three body interactions. This could be verified experimentally whether the necrosis is preceded by small clustering of cells. However, the process can explain chemotaxi [24] as the formation of cell dimer from three-cell interactions could leave the third cell with additional energy (from energy conservation) which could lead to chemotaxi. Primarily, we consider a spherical symmetry for the in-vitro benign tumors and put equation (8) 
Previously, similar correlations between classical statistical mechanics and multicellular systems have been studied by Arlotti et al. [25] . The length scaling redefines the cell number and the tumor radius as
The value of D, the effective size of a cell is obtained from the measured data of [1] while the value of £o/d is fixed by selecting an appropriate solution of the GP equation (13) for the shortrange, attractively interacting, and externally trapped atomic condensate [22, 23] . Considering ¢(x, r) = exp(-i~-)~(x), we write down the stationary form of equation (13) 
dx 2 x 2 J where fl =/~/~; # representing the chemical potential or average single-particle energy. Equation (19) has various stable, metastable, or unstable solutions [26] corresponding to various values of ft. Each solution corresponds to a particular value of Nlal/eo (see equation (14)).
NUMERICAL METHODS
The time-independent equation (19) is solved numerically using the Runge-Kutta method [27] as described in the works of Edward and Burnett [28] and Gammal et al. [29] . This equation has various solutions depending on the number of particles [26, 29] . We choose a ground state solution with only a few particle and then evolute the solution by feeding it to equation (13) and performing the time evolution. The time-dependent equation (13) is discretized using the CrankNicholson difference scheme [27] and the resulting set of tridiagonal equations are solved using the Gaussian elimination method [27] . The numerical codes are standardized by reproducing the published results of Kagan et al. [22] considering a harmonic trap.
RESULTS AND DISCUSSIONS
In this work, we focus on the simulation of the experimental data for the growth of multicellular spheroids developed with V79 Chinese hamster lung cells in agar. We approximate the hydration effect of agar as a constant gauge potential given by 12(x) = ])0 and take 12(x) = oc at the container wall. We solve (19) for a bound state solution for various sets of values of ~)0 and ft. Then, we propagate each solution in time employing (13) and plot the number (17) against time.
In Figure 1 , we show the experimental result on the V79 cell colony and in Figure 2 , we plot the theoretical results for the proliferating cell count obtained with 1)0 = 1.5, "7 = 0.5, and = 0.001. It can be seen there is a compelling agreement between the two sets of results once the time scale (t = T/w) is chosen such that w corresponds to a value w ~ 1 per day, that is w = 1/(24 × 60 × 60) sec -1.
From the measured proliferation count (solid curve) of Figure 1 , we find that (1) initiMly the number increases with a steep exponential fashion; (2) it attains a local peak at around day 23; (3) here, it suffers a partial collapse; (4) after completing the collapse, it again starts a strong exponential growth at around day 29 but for a short duration and gradually it gets stabilized with a viable count around N ~ 10 ~. From Figure 2 , we see that all the characteristic features described above are present in the theoretical result including the approximate positions of the peak, collapse, and regrowth.
To understand the collapse and regrowth phenomenon mentioned above, we study the density profile of the cell aggregate. We find that as the cell number grows, the central density (in units of I¢(x, t)/xl 2) increases rapidly leading to an increasing contribution to the necrotic process.
The central density when reaches a maximum of 104 near day 24 the increased attractive pseudopotential triggers a visible partial collapse of the system, with the central region affecting the most. In the process of collapse, there supposed to be an increase in the clustering of cells and consequent necrotic contribution leading to the formation of a necrotic core [1, 10] . The contribution to necrosis diminishes the attractive pseudopotential resulting in a volume expansion of the tumor. As the volume expands the cell-density decreases which in turn decreases the necrotic contribution sharply (as it depends on density-squared) leading the mitosis rate to predominate. Thus, the model accounts for the fresh rapid expansion of the proliferating cell count visible in the measured data near day 30. The fluctuation in number in the steady (dormant) state is a repetation of the collapse and regrowth processes discussed above. Now to address the volume evolution, primarily, we find from the measured data [1] on number ( Figure 1 ) and volume (circles in Figure 3 
SUMMARY AND CONCLUSIONS
We employ a nonlinear matter wave equation to the cell aggregate of a multicellular tumor. Results reproduce the experimentally observed oscillatory pattern in the growth profile of a tumor and explains the spurt in the growth in the aftermath of a partial collapse in terms of a volume expansion and resulting increment in the nutrition diffusion modeled through a decrease in the attractive nonlinear cell-cell interaction (c( I¢1 ~) and a constant feeding. The study indicates that the necrotic contribution during the growth of a tumor could be preceded by clustering of cells thus reducing the probability of nutrition diffusion. The outcome has the full potential to be verified in any in-vitro simulation.
